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AN APPLICATION OF CRAMER’S RULE ON A CLASS
OF LINEAR MAPS

PAVEL KOSTYRKO, Bratislava

In the present paper we shall deal with linear transformations of an algebra R
over a field F. We shall encounter the algebra in the following way: We are given
an associative and commutative ring R and a subfield F of R. Then we can consider
R as an algebra over F by taking x + y usual sum in R, and ax and xy, a€F,
x, y€R, to be the ring product of a and x, and x and y in R, respectively.

A derivation f in the algebra R over F is a mapping of R into R such that
conditions

fx+y)=f(x)+£(y). flax)= af(x) (0)

.and
f(xy)=f(x)y + xf(y) (1)

are fulfilled for each x, y € R and a € F. Some of properties of derivations are in
general well-known and are introduced in basic monographs (see e.g. [1], p. 167).
It is easy to verify, that if f is a derivation then

f(x")=nx""'f(x) (n)

holds for each integer n>1 and each x € R (we put mz=z+z +... + z m times if
m is a positive integer, 0.z =0 and mz=—(z +...z) —m times if m is a negative
integer). The aim of the present paper is to prove the following

Theorem. Let R be an associative and commutative ring which has the
characteristic 0 and the identity e, and let F be a subfield of R. Let f: R>R be
a linear transformation of R over F, i.e. f fulfils (0). If there exists n > 1 such that
(n) holds, then f is a derivation, i.e. f fulfils (1).

Proof. Further we shall also use short m = me for an integer m. The validity
of our theorem for n=2 is an immediate consequence of the identity 4xy =
(x+y)*—(x — y)*. We can prove (1) by applying of f on the identity and to use (0)
and (2).

Let us suppose n>2. We show that (0) and (n) imply (2), what is sufficient to
the proof of our theorem. We shall use the next easy provable facts: f(0)=f(e)=0.
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The identity n(x+re)" 'f(x) = f((x+re)")=f(2 (Z)x""‘r") holds for each

xeRand r=0, 1, ..., n—2. We can adapt this system of identities on the system
(S) of n—1 equations with n —1 unknowns f(x"), f(x"™"), ..., f(x*) from R. The
system (S) has coefficients in F.

(g)f(X")+ r(;’)f(x"") + ot r"(Z)f(x""‘)+ et

n—2

5 ("

k=0

). ()

forr=0,1,...,n—2. The determinant d of the matrix S of the system (S) is easy to
count by transforming it on Vandermonde determinant.

+ r"’z(nfz)f(x2)= n(

() 0

.0

|S]

_ k(1 _oyn-2f I
. (n=2) (k) ... (n=2) (n—Z)
n—2 n
—kl:I()(k> ns,'<;l'_ln~2
Replace the last column of the matix S by the right side of the system (S) and

count the determinant d, of this new matrix S,. The determinant d, can be
expressed as a sum of n — 1 determinants, from which only one is not vanishing.

(i—j)#0.

(7) © 0 0
A Y P R

I (S R A RS G R
() @=(3) -2, ") oar (27

= 2dxf(x). On the other hand if we replace the last column of S by the left side of
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the system (S) we have d,=|S.| =df(x*). Hence f(x*)=2xf(x), and the proof is
complete.

Remark. It is easy to verify that the method of the proof of our Theorem can
be also used to prove the next more general

Theorem'. Let R be an associative and commutative ring which has the
characteristic 0 and the identity, let A be a subring of R, and let F be a subfield of
A. Let f: A> R be a linear transformation of A into R over F. If there exists
n>1 such that (n) holds for each x € A, then f is a derivation.
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SUHRN

APLIKACIA CRAMEROVHO PRAVIDLA NA JEDNU TRIEDU
LINEARNYCH ZOBRAZENI

Pavel Kostyrko, Bratislava

V prici sa dokazuje nasledujice tvrdenie: Nech R je asociativny a komutativny okruh
charakteristiky 0 s jednotkou, nech A je podokruh a nech F je podteleso A. Nech f: A— R je linedrne
zobrazenie A do R nad F. Ak existuje n>1 tak, Ze f(x")=nx""'f(x) plati pre kazdé x € A, tak f je
derivacia, t. j. f(xy)=f(x)y + xf(y) plati pre kazdé x, ye A.

PE3IOME

MMPUMEHEHME TPABUJIA KPAMEPA [JI1 OJJHOIO KJIACCA
JIMHEMHBIX OTOBPAXEHWM

ITaBen KocThipko, BpaTucnasa

B pa6oTe noka3biBaetcs yrBepxaeHue: [Iycth R — accouMaTHBHOE W KOMMYTaTHBHOE KOJIbLO
XapaKTEPHCTHKH Hynb obnajaiouiee efMHHUed, nyctb A — mnogkonasuo R u nycts F sBnsercs
nogrenoM A. Iycts f: A— R nuHeiHo oToGpaxaeT A B R Han F. Eciau cywectByeT n>1 Tak 4To
f(x")=nx""'f(x) umeeT MecTo ans Bcskoro x€ A, To f sBasercs AU dEPEHUUPOBAHUEM, T. €.
f(xy)=f(x)y + xf(y) BepHO 11 KaXIOro x U y U3 A.
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