#3D
VAL 7

—/

Werk

Titel: Die Zeit von 1500-1900
Ort: Mainz
PURL: https://resolver.sub.uni-goettingen.de/purl?366382810_1942-43|log18

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

UNIVERSITAS COMENIANA
ACTA MATHEMATICA UNIVERSITATIS COMENIANAE

XLII—XLIII—1983

ON DISCONTINUITY POINTS OF FUNCTIONS
OF SOME CLASSES
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In the paper [2] Z. Grande has proved that a set A R, is the set of all
discontinuity points of a certain linearly (separately) continuous function f: R,— R
if and only if A is an F,-set of the first Baire category contained in the Cartesian
product of two linear sets each of which is a set of the first Baire categoryin R.

In connection with the mentioned result we shall investigate the similar
question for the class of all quasicontinuous functions and the class of all cliquish
functions f: R,—>R.

Remember that if X, Y are topological spaces, then the function f: X— Y is
said to be quasicontinuous at the point p € X if for each neighbourhood V(f(p)) <
Y of the point f(p) and each neighbourhood U(p) = X of the point p there exists
such a non-void open set G = U(p) that f(G) = V(f(p)). The function f: X —> Y is
said to be quasicontinuous (on X) if it is quasicontinuous at each point of the
space X (cf. [3], [S]). Clearly, each continuous function is quasicontinuous, too.

Let X be a topological and (Y, 7) a metric space. The function f: X— Y is
said to be cliquish at the point p € X if for each £>0 and each neighbourhood
U(p) of the point p there exists such a non-void open set G = U(p) that for each
two points x, ye G we have

t(f(x), f(y))<e
The function f: X— Y is said to be cliquish on X if it is cliquish at each point of X

(cf. [6], [7]).

If X is a topological space and (Y, t) a metric space, then each function
f: X— 'Y which is quasicontinuous (on X) is cliquish (on X), too. The converse is
not true (cf. [6]).

From the mentioned result of Grande we obtain at once the following

Theorem 1. Let f: R,— R be quasicontinuous on R,. Then the set D(f) of all
discontinuity points of f is an F,-set of the first Baire category in R,. Conversely, if
McR;is an F,-set, Mc A X B, A, B are linear sets of the first Baire category in
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R, then there exists such a function f: R,— R that f is quasicontinuous on R, and
D(f)=M.

Proof. The first part of Theorem is a well-known fact (cf. [5]).

Let M cR; fulfil the assumptions of Theorem. On account of the mentioned
result of Grande there exists such a linearly continuous function f: R,— R that
D(f) =M. Since f is linearly continuous, it is linearly quasicontinuous, too (i.e. for
each fixed xo(yo) the function f(x., y) (f(x, y)) is quasicontinuous on R). But then
f(x,y) is quasicontinuous on R, on the basis of a well-known result of S.
Kempisty (cf. [3]). Theorem follows.

In connection with Theorem 1 we shall prove the following result. Let us
remark that the topological space X is said to be a Baire space if each non-void
open set Mc X is a set of the second Baire category in X (cf. [1]).

Theorem 2. (i) Let X be a topological space and f: X— R be cliquish (on X).
Then the set D(f) is an F,-set of the first Baire category in X.

(ii) If X is a Baire topological space and M < X is an F,-set of the first Baire
category in X, then there exists such a function f: X— R cliquish on X that
D(f)=M.

Proof. The part (i) of the foregoing theorem is a known fact (cf. [5]). We

prove the part (ii). Let M = D M,, where M, (n=1, 2, ...) are closed sets. We may
n=|

assume that M,c M,cM; .... Since X is a Baire space and M is a set of the first
category, the set X — M is dense in X. But then each set X—M, (n=1, 2, ...) is
dense in X. Since M, (n=1, 2, ...) is closed in X, the set M, (n=1, 2, ...) is
nowhere dense in X.

Define the function f: X— R in the following way: f(x)=0 for xe X — M,

f(x)=1 for xe M,, f(x)=% for xe M, —M,_, (k=2, 3, ..).

We shall prove that D(f) = M.

Let p e M. Then f(p)>0. Since M is a set of the first Baire category and each
neighbourhood of p is a set of the second Baire category, each neighbourhood of p
contains a point x € X — M with f(x)=0. Hence p € D(f).

Let pe X— M. Let £>0. Choose a positive integer m such that

—'1;<£ (1)

Since p ¢ My (k=1,2, ..., m) we can take such a neighbourhood U(p) of the point
p that ‘

Up)nMi=0 (k=1,2,...,m). )
According to the definition of the function f in view of (1), (2) we have
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|f(x)—f(p)|<%<£ for each x e U(p). Hence f is continuous at the point p.

Hence we have D(f)=M.

We prove that f is cliquish on X. Let p € X. If p ¢ M, then f is continuous at
the point p and so it is cliquish at p, too. Let p € M. Let £ >0. Choose a positive
integer k such that

L 3)
k
Let U(p) be an arbitrary neighbourhood of p. Since the sets M, (j=1,2,..., k) are
nowhere dense in X, there exists such a non-void open set G < U(p) that

GAM, =0  (j=1,2, ..., k)

(cf. [4], p. 37). But then for each x € G we have O§f(x)<% and so for each two

points y, z from G we get on account of (3)

() - f) <q<e

Hence f is cliquish at p. This ends the proof.

Finally we shall formulate a problem about characterizing sets of discontinuity
points of quasicontinuous functions.

The mentioned result of Grande (cf. [2]) characterizes the sets of discontinui-
ty points of linearly continuous functions f: R,— R. Our Theorem 2 gives
a characterization of the sets of discontinuity points of cliquish functions f: R,— R.
The question arises to characterize the sets of discontinuity points of quasiconti-
nuous functions f: R.— R (or even f: X—R, X is a topological space).

Denote by L, K, and Q the class of all linearly continuous, quasicontinuous
and cliquish functions f: R,— R. Then we have L = K = Q. On the basis of the
mentioned characterizations of sets of discontinuity points of functions from classes
L and Q it can be expected that the sets of discontinuity points of functions from
the class K will be chaacterized by the property to be F,-sets, to be sets of the first
Baire category and by a certain property P, which is weaker than the property to
be included in the Cartesian product of two linear sets each of which is a set of the
first Baire category in R.
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842 15 Bratislava
SUHRN
O BODOCH NESPOJITOSTI FUNKCIf ISTYCH TRIED
Tibor Salit, Bratislava
V praci sa skima otdzka charakterizicie mnozin bodov nespojitosti funkcii kvazispojitych
a klukatych (sliquish). Tito otdzka je tplne rozrieSena pre redlne klukaté funkcie definované na
Baireovych topologickych priestoroch.
PE3IOME
OB TOYKAX PA3PBIBA ®YHKIIMM HEKOTOPBIX KJIACCOB
Tu6op Illanat, Bpatucnasa
B pa6ote HccnenyeTcst BOMPOC XapaKTEpPH3aUMH MHOXECTB TOYEK Pa3phIBa KBAa3MHENPEPbIBHBIX

yHKuMiA U M3BWTHCTBIX (cliquish) pyHKumit. Bonpoc BronHe pa3pelneH nis AefCTBATEBHBIX H3BHITHC-
ThIX (PYHKLHIA ONpeNENIeHHBIX Ha TOMONOTMYECKUX NMPOCTpaHCTBax Bepa.
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