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ABOUT REGULAR MEASURES WITH VALUES
IN ORDERED SPACE

ERVIN HRACHOVINA, Bratislava

The paper contains a proof of a lemma of J. D. M. Wright ([1], Lemima 2.1).
Although the lemma holds, its original proof is incorrect, as was remitted by T. V.
Panchapagesan and Shivapa Veerappa Paled [2].

First some notions and notations.

A vector lattice X is boundedly complete if each subset of X which is bounded
above has the least upper bound.

Let L be any set, M the set of all non-empty finite subsets of L, M" the set of
all functions @: N> M. If {b.,} (n=1, 2, ..., AeL) is a family of points of X
indexed by N X L and @ € M, then b, o, is defined to be A{b...: Ae ®(n)}. A
vector lattice X is called weakly (o, ©)-distributive, if for each family {b, .}
(n=1,2,...,AeL) of X such that A b, , exists for each n it is

AelL

C/ A bn.A=/\{n\Z/l bu. o), GMN}.

n=1 AelL

Let Q be a non-empty set and let S be a og-algebra of subsets of . Then
a finite X-valued measure is a map m: S— X with the folloving properties:

(1) m(F)=0 for each FeS§;
(2) m(@)=0;

(3) whenever {F,} ., is a sequence of pairwise disjoint elements of S then
m(U F) v 2 m(F.).
n=1 n=

Let Z be a compact Hausdorff space, S the o-algebra of Borel subsets of Z.
Then a quasi-regular X-valued Borel measure on Z is an X-valued measure m on
(Z, S) such that whenever U is an open subset of Z then

m(U)=V{m(K); Kc U, K is closed}.
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An X-valued Borel measure m is regular if for each Be S
m(B)=\V{m(K); KcB, K is closed} .

Let a boundedly complete vector lattice X be weakly (o, «)-distributive. If
{a...x}(n=1,2,...,i=1,2, ..., AeL)is abounded sequence of elements of X for
each n such that Aa, .,=0, then for any a€ X, a>0 there exists a bounded

AeL

sequence {a,..} (n=1,2, ..., AeL) such that

an 2 V An. i oii+m) S
n=1i=1

<

a; o)
1

]

i

for each @ e M™ ([3]).

Proposition. Let a boundedly complete vector lattice X be weakly (o, ©)-dis-
tributive. Let Z be a compact Hausdorff space and m an X-valued quasi-regular
Borel measure on Z. Then m is a regular Borel measure.

Proof. For each Borel set Bc Z let U(B) be the family of all open sets
containing B and let L(B) be the family of all closed subsets of B. Let

m*(B)= A{m(U): Ue U(B)}
m~(B)=\/{m(F): Fe L(B)}.
Then
' m~(B)<m(B)<m*(B).
If E={BcZ: BisaBorel set and m*(B)=m (B)}, then E contains all the open
subsets of Z and E is a Boolean algebra of subsets of Z.

Now we prove the folloving assertion:
If {B,}.-: is a monotonely increasing sequence of elements of E and

B=JB,, then m*(B)=m"(B).

Evidently m(B)= m~(B).
Let L=_JU(B,) and let

n=1

aei.v=m(U)=m(By), if UeU(BY)
ax.i.u=m(Z)—m(By), if UeL — U(Bx).

Evidently A aw.i.v=0

UelL
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Also

m(Uk)Sm(Bk)+ Vak.i. @(i+k) -
i=1
Put C, = L"J U.. By induction it can be proved that
i=1

m(C,.)$m(B,.)+ 2 Vakvi,o(i+k)
k=1 i=1

for each n and each ® e M".
Since m(C,)<m(Z) so

n o

m(C,.)Sm(Z)A(m(B,.)+kZ lak,,._.,(,,k,)s

=1 i=

<m(B,)+m(Z)A 2 V av.i. o+00S

k=1 i=1

s=m(B.)+ V a;, o)
i=1

where {a: g}ec. is bounded for each i and A a. ¢=0.
EelL

Put C= D C., then
n=1

m(C)<m(B)+V a. o0
i=1
C is open, therefore C e E then

m (C)<mB+ A Va0

PeM i=1
From the weak (o, ®)-distributivity of X we obtain
m*(B)sm*(C)<m(B).

Then m*(B)= m(B) and therefore BeE.
So E is a o-algebra of Borel subsets of Z which contains all the open sets and
thus E coincides with the Borel sets. This proves the Proposition.
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SUHRN

O REGULARNYCH MIERACH S HODNOTAMI V USPORIADANYCH
PRIESTOROCH

Ervin Hrachovina, Bratislava

V préci je dokdzané jedno z tvrdeni J. D. M. Wrighta, ktorého pévodne publikovany dokaz bol
chybny.

PE3IOME

O PEI'YIIAPHBIX MEPAX C BEIIMYMHAMMH B YIIOPAJOYEHHBIX
IMPOCTPAHCTBAX

Epsun Xpaxosusa, Bpatucnasa

B 3Toi cTaTHM JoKa3MBaeTca ofHO M3 yrRepxneHuu [Ix. [I. M. Bpaiita, koToporo nep-
BOHaYaJibHOe MyGIMKOBaTeNbHOE 0Ka3aTeNbCTBO OLIMGOYHOE.
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