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LAWS OF LARGE NUMBERS IN BANACH LATTICES

RASTISLAV POTOCKY, Bratislava

This paper is concerned with random variables which take values in
a separable countably order complete Banach lattice. We find sufficient conditions
for a sequence of random variables to obey the strong law of large numbers with
respect to the order convergence, i.e. to ensure the order convergence of the
consecutive arithmetic means to 0 on a set of probability 1. In contrast with papers
dealing with the validity of the strong law of large numbers with respect to a norm,
the case mentioned above has been rarely discussed in literature (see [5]).
Nevertheless discussing such a case may not be without interest since in many
Banach lattices (and topological lattices, in general) the order convergence implies
the topological one. *

The paper is divided into two parts. In the first part we present the strong laws
of large numbers for random variables in a separable countably order complete
Banach lattice satisfying an additional assumption. We prove that Toeplitz’s and
Kronecker’s lemmas hold in such spaces. Then we derive Kolmogorov’s strong law
of large numbers with respect to the ordering. We also prove that strong law of
large numbers holds even without the moment conditions on the variables in
question. The second part deals with identically distributed random variables.

L

We mention the basic definitions and notions which will be used throughout
the paper.

A vector lattice X is called countably order complete if every non-empty at
most countable subset of X which is bounded from above has a supremum.

A Banach lattice (Banach space) X is said to satisfy the condition G, for
some 0 < a <1 if there exists a map G: X— X’ (the topological dual of X) such
that

D Gl =[xl
2) GQ)x=lx|"
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3) IGx)-)lI<Allx-y]l

for all x, y e X and some positive A.

Let (L2, S, P) be a probability space, X any countably order complete Banach
lattice. A strongly measurable function f: Q—s X is called a random variable. The
expectation of a random variable is defined by Bochner integral.

We say that a sequence {f,} of random variables obeys the strong law of large
numbers (SLLN for short) if

S,,(w)=;ll- Z f(w)— 0 (with respect to the ordering) on a set of probability 1.

In what follows the absolute value and norm will be denoted by | | and || Z
respectively.

Lemmia 1. If f is a random variable in a Banach lattice, then |f| is a random
variable and ||f|| is a (real) random variable.

Proof. The first statement follows from the continuity of lattice operations,
the second statement is proved in [2].

Lemma 2. Let X be a Banach lattice. If {x,} is an increasing sequence in X
which converges to x in norm, then x =sup x,.

Proof. See [1].

Theorem 1. Let {f,} be a sequence of independent random variables in X :
X a separable countably order complete Banach lattice. If g, R*"—>R*, g.(x)>0

. X .
for x>0 are nondecreasing and such that G are nondecreasing, then the

convergence of

= Eg.(If.1D
2=

implies the a.s. convergence of Z% with respect to the ordering.

Proof. We have P(||f,||=n)<E g"g( ({:)l) and iP(”—f’:le)<oo. Define Z,

as follows:

Il Nfll<n
z.=(
0 |fll=n
s X _ga(x) . 2
Because of the inequality ?sm which holds for |x|<n, we have EZ’<
2
Z,

2 2
2 'zn) Eg.(||f.|]). From this we obtain ZE(?) <. We also have
2 1

AL
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It follows, by using three — series theorem that the series 2 converges
1
a.s. Since we have |||x|||=]|x|| in any Banach lattice and since the consecutive
sums of the series 2% are non decreasing, lemma 2 implies that zl—fr'l'—l
1 1

converges a.s. with respect to the ordering.
Toeplitz’s Lemma. Let X be a separable countably order complete Banach

; o .. 1& e
lattice. Then x,—x implies — S xi—ox.
1

Proof. There are an increasing sequence {y,} and a decreasing sequence {z, }
such that y,<x,<z, and y,lx]z. Since every separable countably order
complete Banach lattice has order continuous norm ([1]), we have y,—x and

; . .1 1 . .
Z,—x in norm. From this we obtain o 2y,-—>x, and = Zz,»—»x, in norm, since
. : . 1
Toeplitz’s lemma holds with respect to the norm convergence. Since o 2 y: and

1 1 1 ‘
- zzi are monotone sequences such that o Zy,- S; in s% Zz,-, the result

follows from lemma 2.
Kronecker’s Lemma. Let X be a separable countably order complete Banach

. b Xi s 1 o
lattice. Then the o-convergence of Y, 7 implies that - > x—0.
1 1

Proof. See [5].
Theorem 2. (Kolmogorov’s law) Let X be a separable countably order
complete Banach lattice satisfying the condition G.. If {f,} is a sequence of

2
independent random variables in X, with E f, =0 such that > %I— converges,
then {f.} obeys SLLN with respect to the ordering.

242

Proof. Let @(t) be min (¢, t*), t=0. Because of the inequality nni

= (1), we
have. that

)sZE "fnz”z_

n

5, (L]

n
n

This together with the assumptions of the theorem implies that the series >

11l
n

converges (see [4], th. 1). From this we obtain the a.s. convergence of Zl—%l with

respect to the ordering. The theorem follows by applying Kronecker’s lemma.
Corollary 1. SLLN holds for each sequence of independent random variables
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with values in 1” or L (provided the latter is separable), p =2 such that E f, =0

2
and > Elllf+“ converges.

Proof. The proof that 17 and L” — spaces, p =2 satisfy the condition G can
be found in [3] or [4].

Theorem 3. Let f, be independent, symmetric random variables in a separab-
le, countably order complete Banach lattice satisfying G, for some 0<a<1. Let

tl+u

@.(1)
. Eq. ||f. .
the series 2 ;ﬁ% converges, then {f, } obeys SLLN with respect to the

@. be convex @,(t)>0 for t>0 and such that (p,.T(t) and do not decrease. If

ordering.
Proof. It is sufficient to show the convergence of

. , @(t)=min (¢, '), t=0

with
fo lfa<n
Z,= <
0 Ifll=n
and then apply [4], th. 1.
Itis easy to check that @(t + s) < K(@(t) + ¢(s)), t, s =0 for some constant K,
depending only on a. Owing to the assumptions on ¢, we have @.(nt) (@.(n))'=

(1), t=0, analysing separately the case of t<1 and t> 1, respectively. Conse-
quently, we obtain

_ 2 E
po IZ2=EZl <y UZIHIEZD e 121, IEZI)

<2K EmnIIZJI_
@.(n)

We have v
@llfll  _
@uIf.ll + @ (n)

_ AT )x{llf,.||<n}+E—&M”(—n)x{“fn”?”}?

Pn “fn ” + @u(n (pn”f" ” + @n
Eg.|Z.]| 1 -

LA}

because @.(t)(t™') do not decrease. This yields the convergence of Y, E0)
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Now [4], th. 1 implies that the series 2 ”f [ converges a.s. The rest of the proof

follows by lemma 2 and Kronecker’s lemma.

For identically distributed random variables the following theorems can be
derived from the theorem 3.

Theorem 4. Let f, be symmetric, independent and indentically distributed
random variables in a separable, countably order complete Banach lattice
satisfying the condition G, for some 0<a<1. Let ¢ be convex, (p(t)>0 for t>0

l+a
20, and —— do not decrease and let 2

=o(=r=). 1t
o(1) q)(k) m(n))
Z P(||f:]|=n), then f, obeys SLLN with respect to the ordering.

and such that

Proof. We have, with Z, being defined as in th. 3

SEelz)_ & 1 & )
2ot~ 2 50m 2 E@lfllxik-1<lfll<kh<

n=

2 Bolfllxtk=1<lAll<k) 3, o <const X
3 5 Eollfllx (k=1 <]l <k})<const X

kz kP(k —1<]||f,]| < k) = const kz P(|lf:ll=k)

owing to the assumptions on @. From this and because of the inequality

Eq;"z"—:lEZ—“< onst E (p”( )“ we obtain the a.s. strong convergence of the

series Y, _Z,._:n_IiZ,._ in the ordering. The rest of the proof follows the lines of the

proof of theorem 3.

If the expectations of f, are finite, we get the following theorem (symmetry is
not needed here).

Theorem 5. Let f, be independent, identically distributed random variables in
a separable, countably order complete Banach lattice satisfying the condition G,,
for some 0<a <1 with Ef, =0. Let <p be convex, @(t)>0 for t>0 and such that

I+u
q’g‘) and - = Then f, obeys SLLN with

do not decrease and 2

w(k) =0(50m)
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respect to the ordering.
Proof. Analogous to that of theorem 4.
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PE3IOME
3AKOHbBI BOJbIIMXX YUCEJ B PEHETKAX BAHAXA
Pactucnas IMoTouku

B paboTte u3ydaloTcs cy4dadHbIE BEIMYMHBI C 3HAYEHUAMH B cenapabesibHOW CHYETHO MOJIHOM
6GaHaxoBOM peuleTKe. B nepBo# 4acTH J0Ka3bIBaeTCAd YCWIEHHBIA 3aKOH OONbIIMX YMcen Qs ciaydast
6GaHaxoBoH peuteTkd obnaparouied cBoiictoM G,. Bo BTOpoit yacTH M3yyarOoTcsi OJMHAKOBO pac-
npefiefieHHbIe Cly4YyalHble BEJIMYUHBI.

SUHRN
ZAKONY VELKYCH CISEL V BANACHOVYCH ZVAZOCH
Rastislav Potocky
Priaca sa zaobera niahodnymi premennymi s hodnotami v separabilnom spocitatelne tdplnom

Banachovom zvize. Autor dokazuje silné zakony velkych éisel vzhladom na konvergenciu podla
usporiadania. '
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