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A WEAK LAW OF LARGE NUMBERS FOR VECTOR
LATTICE—VALUED RANDOM VARIABLES

RASTISLAV POTOCKY, Bratislava

I continue to investigate random variables which take their values in a vector
lattice. In an earlier paper [1] I defined the weak law of large numbers and gave
some sufficient conditions for a sequence of such random variables to satisfy it. In
the present case I am interested only in identically distributed random variables.

In what follows I shall consider functions with values in an Archimedean
vector lattice E. My terminology will follow [1] and [2].

Definition 1. Let (Z, S, P) be a probability space. A sequence {f.} of
functions from Z to E converges to a function f almost uniformly if for every £ >0
there exists a set A € S such that P(A)<¢ and {f.} converges relatively uniformly
to f uniformly on Z— A.

Definition 2. A function f: Z— E is called a random variable if there exists
a sequence {f,} of countably valued random variables such that {f, } converges to f
almost uniformly.

Definition 3. Let E be an Archimedean vector lattice. E has the o-property if
for every sequence {x,} of the positive elements of E there exists a sequence {a,}
of positive real numbers such that the sequence {a.x.} is bounded.

Proposition 1. Let E be an Archimedean vector lattice with the o-property.
Then the vector lattice of all random variables is closed with respect to the almost.
uniform convergence.

Proof. Analogous as in [3], p. 283.

Proposition 2. Let E be a F-lattice. Then each random variable is a measur-
able map from Z to E.

Proof. Since E has a monotonous F-norm || ||, the inequality |f,(z) — f(z)| <
a,b implies ||f.(z) — f(z)|| <||a.b||. Since ||a.b||— 0 whenever a,— 0, we have that
f.(2)=f(z) in F-norm for each z € Z except possibly a set of probability 0. The
result follows from [4], prop. 2.1.3.

Definition 4. A sequence {f,} of random variables satisfies the weak law of
large numbers, if there exists an element a € E* such that for every €¢>0
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éea}=1.

Theorem 1. Let E be a o-complete F-lattice with the o-property. If f, are
pairwise independent, identically distributed, symmetric random variables in E,
then the condition

> P{z; |fi(z)|=na) < for some ae E*
n=1

is sufficient for {f,} to satisfy the weak law of large numbers. (C stands for the set
somplement.)

Proof. In what follows we omit a set of probability 0, if necessary. For each n
let {f%} be a sequence of countably valued random variables converging almost
uniformly to f.. Because of the inequality

If.l=<1fo = £l +1f2]

which holds for each natural n and k and the assumption that E has the o-property
we can regard all f, as random variables in a principal ideal of E (i.e. the ideal
generated by a single element, say u, u € E*)I,, a<u. Since the positive cone of E
is closed, I, = D (—nu, nu) is a Borel set in E. Hence f, are pairwise independent,

n=1
identically distributed and symmetric random variables in L.

Since E is o-complete vector lattice, I, equipped with the order-unit norm (i.e.
the norm induced by u) is a Banach space (even Banach lattice). It will be denoted
by (L, || ||). It is well-known that in such a lattice the norm-convergence and the
relatively uniform convergence are equivalent.

Let us denote by {y.}7 the set of all values which the above mentioned
countably valued random variables f5 take on. Put y,= u. Consider the countable
set

A= {2 ay;n=0,1, } of all linear combinations of y; with the rational

i=0
coefficients a;. The set
B=() U {x€l;|x—a|<ru} is alinear subspace of L,. (Q stands for the set all
reQuaeA
rational numbers.) This follows from the inequalities

lx+yl<|x|+]yl
and :
lax — by|<|a—b]| |x|+|b] |x -]

It is obvious from definition 2 that all f, take on only values in B. Equipped with
the norm || ||.., B becomes separable Banach space. Indeed for each x € B and each
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£>0 there exists and element a€ A such that ||x —a|l.<e. The completeness
follows from the fact that B is closed in (L, || |[.)-

From now on this space will be denoted by (B, || ||.). It remains to prove that
f. will maintain all the properties mentioned above. Since B is separable, its Borel
sets are generated by open balls. Denote these Borel sets by Ws. For such a ball we
have

{xeB; ||Ix—x|l.<€} =L’.J{xeB; Ix—xl|l.<e(1—-n"")}=
= LnJBn{x el;|lx—x|l.<e(l-n"")}=
=BnJ{xelL;|x—x|<e(1—n"")u}.
Denote by Wy the o-algebra generated by subsets of B open with respect to the
original topology. We have proved that Wy = Wr. It means that f, are pairwise

independent, identically distributed and symmetric random variables in (B, || ||..)-
Consider now the random variable f,. We have

Elfll<1+ 3 P >ny =1+ 3 P(Ifil <) <o

It follows by using [4], th. 4.1.5 that {f,} satisfies WLLN in B and consequently in
IL,. It means that :

lim P{zeZ;

NG

$e}=1 for each €¢>0,

since f, are symmetric. The above equality can be rewritten as follows
lim P{zeZ;ln"‘Zf,-(z)lSeu}=1
n 1

owing to the property of the order-norm.
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PE3IOME

CJIABBIM 3AKOH BOJBIIMX YACEJ IS CIYYAVMHBIX BEJIWYMH
C 3HAYEHUSIMM B BEKTOPHOM PEUIETKE

Pacrucnas ITotouku, Bpatuciasa
B pa6oTe goka3siBaeTcs JOCTaTOYHOE YCIOBHE IS TOTO, YTOGBI MOCNEA0BATENBHOCTS ORUHAKOTO
pacnpefie/IeHHbIX CIy4adHbIX BEJIMYHH YNOBJIETBOPsUIA ciaGoMy 3aKOHy GONBLUMX YHCE.
SUHRN

SLABY ZAKON VELKYCH CISEL PRE NAHODNE PREMENNE
S HODNOTAMI VO VEKTOROVOM ZVAZE

Rastislav Potocky, Bratislava

V préci sa dokazuje slaby zdkon velkych &isel s hodnotami vo vektorovom zvize.
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