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A LOCAL ERROR ESTIMATION
OF THE FORMULAS OF THE RUNGE—KUTTA—HUTA TYPE
OF THE FIFTH AND SIXTH ORDER FOR THE SYSTEM
OF DIFFERENTIAL EQUATIONS

ANNA VALKOVA, Bratislava

In this paper are stated the error estimations of the approximate solution of
the initial problem for the system of differential equations or for one equation, by
the methods of Runge—Kutta type of the fifth and sixth order [1].

Our approach is analogical to the approach used in [2] for the estimations of
the classical formulas of Runge—Kutta type of the fourth order.

Note: In this paper we shall refer to some relations which are stated in [3], [4].
For the reason of the large range of these relations we will not introduce them here
again. In each case we shall only refer to the number of the relation stated in the
papers [3] or [4]. To avoid misunderstanding, the relations stated in paper [3] will
be numbered as follows: (1), (2), ..., (18). The relations defined in paper [4] will be
numbered: (I.1), (I.2), ..., (I.18). The relations defined in this paper will be
numbered: (II.1), (IL.2), ... In the following text we shall use these abbreviations
for the formulas: RKH5 — Huta formula of the fifth order, RKH6 — Huta
formula of the sixth order, RKN5 — Nystrém formula of the fifth order.

In paper [3] was stated the theoretical formula (18) for the local error of the
approximate solution of the system (1), (2) by means of RKHS.
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(18). The theoretical formula (18) is awkward for computing the error and
therefore we must be satisfied with its estimation only.

Similarly to [2] we shall execute the estimation under these three assumptions :

Lotkin’s assumption:

are described in formula
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Vejvoda’s assumption:
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The assumption (B) is a special case of the assumption (A) if L, =M =L;.
Knichal’s assumption supposes that the considered quantities fulfil the
conditions in the (r + 1)-th interval:
[fl.=0 [f|=1
al+il+i2+“.+j" f.
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The estimation under the assumption (A)

In the following computations we shall write L insted of L.. Let the
assumption (A) be fulfilled, then the following estimations can be done:

|Dnfi|=L"M(1 + n)™

gpm(aa—i”gm“(nn)"'n

zn: D,,,(Lﬁ")|§Lm+2 (1+n)™n?

=1 j2=1 ayinaYI M
n n n a\f’ '<Lm+3 0
inzl i22=| ja=1 Dm(a)’i.a)’f:a)’n\) - M (L+n)"n (L.2)

dy:

| =If1=M,

N

lgTy; <LM(1+n)

3

U= SL2M(1 +m)(1+2n);
d*y
F“' =SL°M(1+n)(1+6n+6n?

d’y,
e SL*M(1+n)(1+14n+36n°+ 24n%) (IL.3)
d®y;
Eg SL°M(1+n)(1+30n+150n>+240n° + 120n*)

7 .
% SL°M(1+ n)(1+62n+540n” + 1560n° + 1800n* + 720n°) =
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L°M(1 +63n +602n*+2100n>+3360n* +2520n° + 720n")
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The global flow chart for the estimation of formula (18)

Estimation |'k{"),,| and ['R{).,| for s§=0,1,...,6

n(1+n)2+17n+41n>+28n%) =

(2n+ 19n” + 58n’ + 69n* + 28n°)

¥

By means of formulas (10) in cases gi ,+1 ='k; .., is estimated

|E.'ki.,+1| and ZZ EE( S )l

(11.4)

=1 j=1 '3)’: ay' a))h
for s=1,2,3
'3
Based on formulas (14), by using the estimation obtained
in the previous block and the estimations |~ "R;.,..| is estimated
%, | <for s=0,1,...,6if t#6
“H \for s=6 ift=6
No
=5
Yes

By using the derivatives of the formulas (13) and the previous

estimations is estimated |'k{"),,| for s=0,1,...,6

Yes <6

By means of the estimations (4) and (3) and the computed estimations
|'k®..| for t=1,2,...,6 isestimated the formula (18)

END




The detailed description of the estimation of formula (18)

For the estimation of ,_, ., it is necessary to estimate |A;| and |B;|. For the
estimation of |B;| it is necessary to perform the estimations |'k{").,| too. The
computations of the estimations |'k!"). | for t=1,2,...,6;s=0, 1, ..., 6 are very
complicated and from this reason the auxiliary expressions (tKs) and (tRs) are
introduced. For the estimation of formula (18) the following auxiliary expressions
are also introduced : (VRO), (VR1), (VR2), (VR3), (VR4), (HC1), (HC2), (HC3),
(HCV). The computations of the auxiliary expressions were executed on the
computer. In the following text an algorithm will be given for computing the
auxiliary expressions and their evaluating for some given values of arguments
n. hL. Computation on the computer was executed in fractional arithmetic.

The estimations of |'k{").,| and |'R!"}.,| can be expressed by means of (tKs)
and (tRs) as follows:

'k, | SM=MQAKO); 'kl =...=|"kP] =0
(1K1)=(1K2)=...=(1K6)=0; |'R....|=hM=hM(1RO0),
I'R,,..|SM=M(1R1), |'R’,..|=...='"R¥2,|=0
(1R2)=(1R3)=...=(1R6)=0
lkff+.|< L'M(2Ks) for s=0,1,...,6

I’R.... |I§hM= hM(2R0), [’'R!...|=M(2R1)

[’R¢ L.|< L‘ 'M(2Rs) for s=2,3....,6

Pk L*'M(3Ks) for s=0,1,....6

""—4\
I’R,,,;,léhM(3R()), I'R....|SMGR1)

PRI | = _2(4‘_ )L‘ 'M(3Rs) for s=2,3,....6

[*k '”I_Z‘ L'M(4Ks) for s=0.1,...,6
I'R..,..|ShM(4R0), [‘R.,..|SM(4R1)

"R 54—3_71. “'M(4Rs) for $=2.3....6

Phial = (3 )LM(SK@) for s=0,1,. .06
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I’R:.,+:|ShM(5R0), |°R},..|SM(5R1)

1 1

Sp(s) s—1

PR _4, 214L M(5Rs) for s=2,3,.

The estimations of |°k; ,+|, |°k}.,+1], .. l“kf V.| we don’t need.

|k} ,+.|_ (6K6)

74

For the estimation of formula (18) we get

(hL)Y’hM . 3 .
< T
W1 =C, 3 628 800 [630n*+5985n° + 18 270n* +
+21 735n°+ 8820n° + (VRO)] (I1.5)
Especially for n=1 we get
(hLY’hM
= == =
0. a=C 3 628 800 [50 400+ (VR1)]=hM(HCI) (IL.6)

At strict specialization C, for n =1 we should get 55 440 instead of 50 400. The
improvement comes as a result of the summation of (and hence the better
estimation) some terms within A, in case n=1.

(hLY’hM —
ws 1S C=mLI ML 1) 602 720 + (VR2)| = AM(HC2)  (IL7)
0 SCy= VMM 1 e 5204+ (VR3)=hM(HC3) -~ (IL8)
rrt="373 628 800
(hLY kM
= = =
Wi 1S Com L) WML [63 453 600 + (VR4)] = AM(HC4) (IL9)

The algorithm of the computation of
(tKs), (1Rs), (HC1), (HC2), (HC3), (HC4), (VRO0), (VR1), (VR2), (VR3),
(VR4)

I. Read and store (save)

1) (1K0)=1, (1K1)=(1K2)=...=(1K6)=0
2) 2Ks)=(1+n) for s=0,1,...,6

II. 1) Read (2Rs) and hold all the (2Rs) for s =0, 1, ..., 6 until all the (3Ks)
are computed.

(2R0)=1,
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(2R1)=1+% hL+% nhL,

(2R2)=2+2n +% hL +% nhL +% n’hL,

(2R3)=3+6n +3n2+% hL +% nhL +% n’*hL +% n*hL,
(2R4)=4+12n+ 12”2+4"3+’é‘ hL +§ nhL + n*hL +§ n*hL +é n*hL,
(2R5)=54+20n +3On2+20n3+5n"+% hL +% nhL +§ n’hL +§ n’hL +

5 o1,
+gnhL+6nhL

(2R6)=6+30n+60n>+60n" +30n* + 6n° +é— hL + nhL +% n*hL +
10

1
iV . 3 4 5 = n®
+3 nhL+2nhL+n hL+6n hL

2) Based on the given (2Rs) and further data (3Ks) will be computed for

s=0,1, ..., 6 as follows:
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a) Store and save the following expression
1 |
(Z3)=1 +n+§ nhL +§ n’*hL

b) Compute, store and write

(3K0)=1,
(3K1)=(Z3),

(3K2)=(Z3F +3 n(2R2)
(3K3)=(Z3)’ +% n(Z3)(2R2) +% n(2R3)
(3K4)=(23)"+ 3n(Z3V(2R2) +3 n(Z3)(2R3) +2 n(2R4)+
+2 n’(2R2)?,
(3K5)=(23)"+ Sn(Z3) (2R2) +3 n(Z3y(2R3) +3 n(Z3)(2R4) +
—naR$+—qﬂzmanﬁu§faRmaRn

(3K6)=(2Z3)* + = n(Z3)‘(2R2) +— n(Z3)’(2R3) + - n(Z3)2(2R4) +



+ n(Z3)(2R5) + n(2R6) +-— n*(Z3)*(2R2)*+ 10n*(Z3)
X (2R2)(2R3)+
+= n2(2R2)(2R4) + 2(2R3)2 — n’(2R2)’
In what follows we need not save (2Rs). All (3Ks) are to be saved and written.

III. 1) Compute the following expressions (3Rs) for s=0, 1, ..., 6 hold all
results (3Rs) until all (4Ks) will be computed.

(3R0)=4,
(3R1)=4 +}1 hL(21<1)+l hL(3K1)

(3R2)= (2K1)+2(3K1)+ hL(2K2)+ hL(3K2)
(3R3)= (2K2)+3(3K2)+ hL(2K3)+ hL(3K3)

(3R4)-—(2K3)+4(3K3)+ hL(2K4)+ hL(3K4)

(3115)=2—0 (2K4) + 5(3K4)+—2— hL(2K5)+l hL(3K5)

(3R6)= (2K5)+6(3K5)+ hL(2K6)+ hL(3K6)

243

2) Based on (3Rs) and further data (4Ks) will be computed and saved for
s=0,1,...,6 as follows:

a) Store and hold the following expression
(Z4)=1+4n + nhL + n’hL +— n*(hL)? +—— n’(hL)?

until all (4Ks) are be computed.
b) Compute, store and write the results of the following expressions:

(4K0) =1,
(4K1)=(Z4),
(4K2) = (Z4)* +n(3R2)

(4K3) = (Z4)’ + 3n(Z4)(3R2) +% n(3R3),
(4K4) = (Z4)* + 6n(Z4)*(3R2) + 2n(Z4)(3R3) +% n(3R4) + 3n’(3R2)*
(4K5) = (Z4)’ + 10n(Z4)’(3R2) + 5n(Z4)*(3R3) +§ n(Z4)(3R4) +
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+% n(3R5) + 15n%(Z4)(3R2)’ + 5n*(3R2)(3R3)
(4K6) = (Z4)" + 15n(Z4)“(3R2) +10n(Z4)’(3R3) + 5 n(Z4Y'(3R4) +
+3 n(Z4)(3R5) - L n(3R6) +450%(Z4Y(3R2)* +

+30n%(Z4)(3R2)(3R3) + T 3 | 2(3R2)(3R4) + = 3 (3R3) +
+15n°(3R2)?

IV. 1) Compute the results of the following (4Rs) for s =0, 1, ..., 6.
Save all (4Rs) until all (5Ks) are be computed.

(4RO)=1,
(4R1)=1+§ hL(4K1),

(4R2)= (4K1)+% hL(4K2)

(4R3)=3(4K2)+1 KL(4K3),

(4R4)=8(4K3) + hL(4K4),
(4R5)=20(4K4) +2hL(4KS),
(4R6)=48(4K5) +4hL(4K6)

2) Based on (4Rs) and following data (5Ks) will be computed for s=
0,1,..6.
a) Store and save the following expression

(Z5)=1+n +3 nhL +3 n’hL + 2(hL)2 +— n*(hL)* +

2
+1—28 n’(hL)’+m n*(hL)?
b)
(5K0)=1,
(5K1)=(Z5),

(5K2)=(Z5) + n(4R2)
(5K3)=(Z5)’ +3n(Z5)(4R2) +% n(4R3),
(5K4)=(Z5)* +6n(Z5)(4R2) +5 n(ZS)(4R3) +l n(4R4)+3n*(4R2)’

(5K5)= (ZS)’+10n(ZS)’(4R2)+ (ZS)’(4R3)+ n(Z5)(4R4) +
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n(4R5)+ 15 n*(Z5)(4R2Y’ +1—“ n*(4R2)(4R3)

(5K6)=(Z5)" + 15n(ZS)“(4R2) +? n(Z5)*(4R3) +i n(Z5)*(4R4) +
3= n(ZS)(4R5)+ - n(4R6)+45n°(Z5)(4R2) +

+20n*(Z5)(4R2)(4R3) + —3— n’(4R2)(4R4) + —lj_ r13(4R3)2
+15n*(4R2)"

V. 1) Compute and write the results of the following expressions (5Rs) for
s=0,1, ..., 6. Save all (5Rs) until (6Ks) is be computed

(5R0) =22
(51:1):379+1l4 hL(2Kl)+% hL(3K1)+g hL(4K1)+;—) hL(5K1),
(5R2)=2(2K1) + 12(3K1)+ 24(4K1) + 24(SK1) + ¢ hL(2K2) +
+% hL(3K2) + 6hL(4K2) + 9hL(5K2),
(5R3)=2(2K2)+ 18(3K2) + T2(4K2) + 108(5K2) +5 hL(2K3) +
+§ hL(3K3) + 12hL(4K3) + 27hL(5K3),
(5R4)="9 (2K3) +24(3K3) + 192(4K3) + 432(5K3) +2 hL(2K4)+
+2 WL(3K4) + 24KL(4K4) + 81AL(SK4)
(SRS) =39 (2K4) +30(3K4) + 480(4K4) + 1620(5K4) + g7 L KL (2KS)+
+5 hL(3KS5) + 48hL (4K5) + 243hL(5K5)
(SR6) =-3'-Z (2K5) + 36(3K5) +1152(4K5) + 5832(5K5) +
455 HL(2K6) +3 2 L (3K6) + 96 KL(4K6) + T29hL(5KE)

2) Based on (5Rs) and the following data, compute (6K6).
a) Store and save the following expression:

111

(Z6)=7+39n +— nhL + n’hL +— n’(hL)* + n*(hL)* +

263



33 n’(hL)’ +— n‘(hL)3+— n*(hL)* +— n’(hL)*
b)  (6K6) =439 (z«s)*+§ n(Z6)*(SR2) + Sn(Z6)*(SR3) +

105 2 n(z6y(SR4) + 51 L fi n(Z6)(5R5)+343

28 n(sRe)+
+£n2(Z6)2(5R2)2 105 n*(Z6)(SR2)(SR3)+
+En’(5R2)(5R4)+245 n*(SR3) + 105 n’(SR2)

VI. Compute, store and write

1)(VRO0) =720nhL + 45 360n°hL + 433 440n°hL +1 512 000n*hL +
+ 2 419 200n°hL + 1 814 400n°hL + 518 400n"hL +

nhL(3K6) 42k nhL(4K6) + 5103 nhL(5K6)+

+ Ié nhL(6K6) (11.10)

2) Compute and write
(VRj)=(VRO0),-; for j=1,2,3,4 (IL.11)

Remark: (VRJ)is a function of hL and we obtain it when whithin (VRO) we
put n=j.
Compute the values and write

HC =) (50 400+ (VR1)] (IL12)
3 628 800 '
for hL =0,01; 0,02; ...; 0,20
HC2) =LY _ 11 602 720+ (VR2)] (IL.13)
3628 800 :

for hL =0,01; 0,02; ...; 0,20

For the same values of the hL as they were computed for (HC1) and (HC2),
compute and write the (HC3) and (HC4).

. (hL)’
(HC3) =355 05 [13 358 520+ (VR3)] (11.14)

__ (ALY
(HC4) =52 655 [63 453 600+ (VR4)] (IL.15)
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(VRO) is the high degree polynomial of the variables n, h, L. The number of the
members of the polynomial in this case is 175 [5). (VR1), (VR2), (VR3) and
(VR4) are the polynomials of the 25th degree of the variables (hL). These
polynomials can be written as follows

(VRj) = Z"" (hLY for j=1,2,3,4 (see[5])

The results (HC1), (HC2), (HC3) and (HC#4) obtained by the computer are stated
in the following page.

The assumption (B) is a special case of the assumption (A).

For the estimation of formula (18) under the assumption (C) we get:

wn r+l§cn=
Sh()

=3628 800 [630n° +3465n° + 4095n* + 630n° + (VRO)] (I1.16)

In the case n=1

h(hL)® ‘
= =—x 17 _ =
W, 0=C 3628 800 L7360+ (VR1)] = h(HC1) (11.17)

At the strict specialization C, for n=1 we should get the first member in the
brackets 8820 instead of 7560. The improvement comes as a result of the
summation and hence the better estimation of some members within A, for n =1.

h(hL)’

= -=—— =
2.1 S Cr=5 s [115 920+ (VR2)] = h(HC2) (IL18)
h(hL)’ =
5.1+ S Cr =5 oo [584 010+ (VR3)] = h(HC3) (I1.19)
h(hL)’
= = =
W1 =Cy 3628 800 [1 925 280+ (VR4)]=h(HC4) (I1.20)

The constant L in this case in a constant L = L. under the assumption (C). The
(VRO) is a high degree polynomial of the variables n, h, L. The number of the
members of the polynomial in this case is 154 [5]. (VR1), (VR2), (VR3) and
(VR4) are the polynomials of the variables (hL) of the 25th degree. These
polynomials can be written as follows:

(VRj)= 2“" (hL) for j=1,2,3,4 [5]

The results (HC1), (HC2), (HC3) and (HC4) obtained by computer are stated in
the following page.

Let us compare the formula (I1.6) with the error estimation from the point of
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view of the error for one differential equation
Tm = Ymhm+l +O(hm+2) [6]

In our case m =5. For n =1 we can leave the term which contains (VR1) and to
consider it as a quantity of the order 0(h’). Then we get

<_50400 1

= M= SM= {15
V=338 800 L°M 72 L°M=0,0139ML (I1.21)
Let us compare this result with the estimation of the formula RKNS [7].
91 397
= Sz 5
vs=104 400 ML°=0,4702ML° [8]

Thus, by the comparison between the estimations ys for RKHS and ys for RKNS,
we can find out that the estimation ys for RKNS is approximately 33,8507 times
greater than the estimation y; for RKHS, without consideration of the values of the
constants M, L.

Let us try to estimate the theoretical formula (I.18) for the error of the
formula RKH6. If the assumption (A) is fulfilled then for estimation |Ai| there
holds:

L°M

.
|Al=37560 000

(11+922n + 11 9901 + 54 390n>+ 108 555n°* +
+98 556n° +33 312n°)
For the estimation of formula (I1.18) we get

(hL)°hM 5 3 o
<c = \nt)nvi
W1 =C, 37 800 000 [11n+922n%*+ 11 990n>+ 54 390n* +

+108 555n° + 98 556n°+ 33 312n” + (VRO0)] (I1.22)

where (VRO) should be obtained analogically as in the case of RKHS. The

computations necessary for the expression of (VRO) are so complicated and their

range is so large that up to now it was not possible to perform it even by the use of

a computer. The (VRO) is the high degree polynomial of the variables n, h, L.
In case for n =1, some terms within (I.18) can be summed up and estimated in

a better way.

(hL)°hM
37 800 000

The (VR1) means (VRO),-, and it is the polynomial which can be written as
follows:

w1, SC = [229 096 + (VR1)] (IL.23)

> 24 (ALY

i 1i
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Let us compare the formula (I1.23) with the estimation from the point of view of
the formula of the error for one diffeggnﬁal equation

Tm =Ymhm+l +O(hm+2) [6]

In this case m =6. For n =1 we can leave the term which contains (VR1) and to
consider it as a quantity of the order 0(h®). Then we get

~_229 096

e e 6& 6
Y=37800 000 ML°®=0,0061ML (11.24)

The result (I1.24) agrees with the result stated in [9].
Analogically for the estimation (I.18) at the assumption (C) we should get

L°h’
SOk — . 2 3 4
Wn, 1 =C* 37800 000 [11n +856n>+7545n>+ 15 430n* +

+8270n° 4+ 1200n° + (VRO0)] (11.25)

The computation of the (VR0) was not successful even in this case.

h'L®
SCt= =

Wy 1 =CH 37800 000 [24 052 + (VR1)] (I1.26)

In the case of the comparation with the formula T*=y*h™*' + 0(h™*?) we get

24 052
37 800 000

v&s

L*®=0,000636L°.
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SUHRN

ODHAD LOKALNEJ CHYBY VZORCOV TYPU RUNGE—KUTTA—HUTA
PIATEHO A SIESTEHO RADU PRE SYSTEM DIFERENCIALNYCH ROVNIC

Anna Valkova, Bratislava

V tomto €lanku si uvedené odhady lokélnej chyby priblizného rieSenia zaciato¢nej dlohy pre
systém diferencidlnych rovnic prvého rddu v pripade jeho rieSenia pomocou vzorcov typu Runge—
Kutta—Huta 5. a 6. rddu.

MOoj pristup je analogicky pristupu, ktory pouZil Vejvoda pre odhad chyby klasickych vzorcov
typu Runge—kutta 4. radu. [2]

Porovnanim odhadov vzorcov typu Runge—Kutta—Hufa 5.riddu a vzorcov typu Runge—
Kutta—Nystrom 5. rddu pre jednu diferencidlnu rovnicu sa zistilo, Ze odhad pre RKNS [8] je pribliZzne
33,85-krat horsi ako ziskany odhad pre RKHS, bez ohladu na to aké si konstanty M, L.

PE3IOME

OLIEHKA OINIMBKH ®OPMYJ]l TUITA PYHTE—KYTTA—XYTbS
MMATOro M WECTOI'O IOPSOKA

AmnHa Banxosa, Bpatuciasa

B 3To# cTaThH npejiaraeTcs oueHka omm6ku dopmyn Pynre—Kyrra—XyThs naToro u mec-
Toro nopsiaka [1] anst YHC/IEHHOro pelleHHs CHCTeMbl n [H(dEPEHUHANILHEIX YPaBHEHHIA NMEPBOTO
nopsaka. [laiorcs BepxHHe rpaHHubl HITHGKH (popMyibl XyThs 1S OQHOTO LIara.

IMoka3bmBaeTcs 4TO oneHka mans ¢opMyibl XyThs NATOrO MOPSAAKA NyYinas YeM OUEHKa ISt
¢opmyns1 HiocTpema Toxe msToro mopsaka [8].°
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