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POINT-MAXIMAL SUBGRAPHS WITH A GIVEN
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PETER KYS$, ALOJZ WAWRUCH, Bratislava

Under a graph we mean throughout the paper an undirected finite graph
without loops and multiple lines. Our terminology as well as denotation is based on
[1] except for the given here. A graph G =(V, E) has the point set V= V(G) and
the set of lines E=E(G). We denote by d(G) the diameter of G. For a given
graph G, the point-maximal subgraph H with a given diameter d is defined as
a subgraph of G with the following two properties:

a) d(H)=d ,
b) |V(R)|<|V(H)| for every subgraph R of G with d(R)=d.

Given a graph G, the problem investigated in this article is to find
a point-maximal subgraph of G, with a given diameter d. This problem for d =1
belongs into the class of NP-complete problems (see [2]). As we show in this paper
the problem is NP-complete for an arbitrary given d=1, too.

To prove this, let us construct for a given graph G =(V, E) with V(G) = {xo,,,
Xo2, --., Xon} a new graph G’ (see Fig. 1) as follows (the idea of this construction is
based on [3]):

V(G') = V(G)u{xo,.+ili=1,2,...,3n}u
ufxili=1,2,...,d-1;j=1,2, ..., 4n}u{w).

E(G’) = E(G)U{Xo,nsiXo.as; [i#j3 0, j=1, 2, ..., 30}U
U{Xo.n+iXo,;[i=1,2, ..., 3n;j=1,2, ...,n}u
U{xiXie1,li=0,1,...,d=2;j=1,2, ..., 4n}u
U{xe-1,W|j=1,2, ..., 4n}.

- Let M be a set of all point-maximal complete subgraphs of G. The induced
(complete) subgraph of G’ with the set {xo,..:|]i=1,2, ..., 3n} is denoted by T.
Let P=V(G)uV(T). Let & denote the set of all induced subgraphs (M) of the
graph G’ with:
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M=VH)UV(T)u{x.;|i=1,2,...,d—1;j=ki, ks, ..., k, (1)
where k, (r=1, 2, ..., s) are exactly all the indices for
which x, € V(H)}u{w},
where He M.

Lemma. Let R € ¥. Then the inequality | V(S)| <|V(R)| holds for an arbit-
rary subgraph S of G’ such, that d(S)=d and S¢ &.

Proof. Since R € &, there is H € M such, that R= (M) for M defined by (1).
It follows from the definition of G’ that d(R)=d and |V(R)|=B3n+h)d +1,
where h =|V(H)|. Let S be a subgraph of G' for which the assumptions of lemma
hold. We will distinguish the next two cases:

1. we V(S).
a) PnV(S)+40.

Then x; ;e V(S) if and only if x, ;€ V(S) for every je (1,4n), ie(1,d—1).
Let X015, Xo, k belong to Pn V(S), X()_,‘¢ Xo, k and Xo, ;X()_kéE(G’). Then
ds(xa-1.x Xo,;)>d, a contradiction. Since S ¢ &, then also (PNV(S)) ¢ .#, and we
have:

IPAV(S)|<3n+h.
From this it follows immediately that: |V(S)|<(3n+ h)d +1.
b) PAV(S)=0.
Let
r=max ds(x. , w) ie(1,d—1),je(1,4n), x; ;€ V(S).
Then
|V(S)|<r+1+p(4n—1), where r<d,r+p=d and ps[g].

For r=d we have |V(S)|=d+1<(3n+h)d+1.
Let r<d. Then

IV(S)<d+1+ [g]@n— 1)<(Bn+h)d+1 for d=2.
2. wé V(S).

Since d(S)=d, the set PN V(S) cannot be empty. Let r =max ds(P, x..;),
i,j
ie(l,d-1), je(1,4n) and x,; ;€ V(S). Then
| V(S)|<r+4n+(4n—1)p where p is an integer such
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[-4] if d is odd

P=|3

;hat
d e
ps[i]—l if d is even
Thus we see

[V(S)|<r+4n+(@n—1)p<d+4n +(4n—l)[g]<
<(h+3n)d+1 ifdisodd, d=3,

and

IV(S)ISr+4n+(4n—1)([g]— 1)=d+1+(@n- 1)[§]<(h+3n)d+1
if d is even, d=2.

Hence |V(R)|=3n+h)d+1>|V(S)|.
This completes the proof.

Corollary. A subgraph R of the graph G’ is point-maximal with the diameter
d if and only if R belongs to &.

Proof. Since d(R)=d, for every R € ¥, the assertion follows immediately
from the previous lemma.

Theorem. Given a point-maximal complete subgraph in a graph G, a point-
-maximal subgraph of the diameter d in G’ can be determined in a polynomial
number of steps and vice versa.

Proof. From the proof of lemma it follows:

a) If Hc G is a point-maximal subgraph in G, then the subgraph of G’
defined by (1) is point-maximal.

b) If S is a point-maximal subgraph with the diameter d in G’, then
a point-maximal complete subgraph in a graph G is defined as an induced subgraph
on the set V(S)nV(G).
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SUHRN
VRCHOLOVO-MAXIMALNE PODGRAFY S DANYM PRIEMEROM
Peter Ky§, Alojz Wawruch, Bratislava
V prici je dokdzané, ze problém najdenia vrcholovo maximélneho podgrafu s danym priemerom
v danom grafe patri do skupiny NP-ipinych problémov.
PE3IOME
BEPIUIMHHO-MAKCUMAIIBHBIE MOAOrPA®bI JAHHOIO OTUAMETPA
ITerep Kbimt, Anoi3 Baepyx, Bpatucnasa

B pa6oTe foka3aHo, 4TO npo6lieMa HaXOAEHHA BEPLUIMHHO-MaKCHMAJILHOTO nojrpada ¢ AaHHbIM
JAHaMETPOM B IaHHOM rpacde NMPUHAIEXHT K KaTeropud NP-nonHbix 3afay.
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